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1 Introduction





Theorem 1.1. (Frobenius-Schur [2])
1, ( $\chi=\overline{\chi}$ $\chi$ )
$\nu(\chi)=$ $\{$ $-1$ , ( $\chi=\overline{\chi}$ $\chi$ )
$0$ , $(_{\chi}\neq\overline{\chi})$
[3], Burnp-Ginzburg
[1]. , Frobenius-Schur indicator ,
.
2 Generalized Frobenius-Schur Indicator
$G$ ( , ). $\tau^{r}=1$ $\tau\in$ Aut$G$
( $r$ ). $C_{r}=\langle a^{j}|a^{r}=1\rangle$ $r$
$*$ ( )
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, $G$ $C_{r}$ $G_{\tau}(r)=\{(g)a^{j})|g\in G, a^{j}\in C_{r}\}$
$(g,a^{j})(h, a^{k})=(g\tau^{j}(h), a^{j+k})$
. .
Proposition 2.1. $G_{\tau}(r)$ $GlC_{r}$ .
Proof. $\iota$ : $G_{\tau}(r)arrow G$ ? $C_{r}$
$\iota:(g, a^{j})\mapsto(g, \tau(g), \tau^{2}(g), \cdots, \tau^{r-1}(g):a^{j})$
.
, $\iota(G_{\tau}(r))$ $G_{\tau}(r)$ . $\zeta_{r}=\exp(\frac{2\pi\sqrt{-1}}{r})$
. $G$ ( ) $(\rho, V_{\rho})$ $C_{r}$ $\varphi_{k}$ : $a\mapsto\zeta^{k}$
$V_{\rho}(r, k)=V_{\rho}^{\otimes}\otimes\varphi_{k}$
, $GlC_{r}$
$(g_{1}, \cdots,g_{r}:a)v_{i_{1}}\otimes v_{i_{2}}\otimes\cdots\otimes v_{i_{r}}\otimes v^{k}=\zeta_{r}^{k}v_{i_{r}}\otimes v_{i_{1}}\otimes v_{i_{2}}\otimes\cdots\otimes v_{i_{r-1}}\otimes v^{k}$
$V(r, k)$ $GlC_{r}$ . $\eta$ $G_{\tau}(r)$ ( ) .
$m(\rho, k, \eta)=\langle V_{\rho}(r, k),$ $\eta\rangle_{G_{\tau}(r)}$
(intertwining number ) , $r$ $i$ $d_{j}$






$m( \rho, k, \eta)=\frac{1}{r}\sum_{j=0}^{r-1}\nu_{\tau^{j}}^{\eta}(\chi)\zeta_{r}^{jk}$
.
Theorem 2.3.
$\nu_{\tau^{j}}^{\eta}(\chi)=\sum_{k=0}^{r-1}m(\rho, k, \eta)\zeta_{k}^{-jk}\in \mathbb{Z}_{\geq 0}[\zeta]$





$\xi$ $\xi(g)=\xi(\tau(g))$ $G$ , $\eta$ $\eta(g, a^{j})=\xi(g)$ .
$\rho$ , $r=2$ ,
$\{\begin{array}{l}\nu_{\tau^{0}}(\chi_{\rho}) =\frac{1}{|G|}\sum_{g\in G}\chi_{\rho}(g)\chi_{\rho}(\tau(g))\overline{\xi(g)}=m(\rho, 0,\xi)+m(\rho, 1,\xi)\nu_{\tau^{1}}(\chi_{\rho}) =\cap^{1}\sum_{g\in G}\chi_{\rho}(g\tau(g))\overline{\xi(g)}=m(\rho,0,\xi)-m(\rho, 1,\xi)\end{array}$
,
$\nu_{\tau^{0}}(\chi_{\rho})=m(\rho, 0,\xi)+m(\rho, 1,\xi)=\{\begin{array}{l}1, \chi_{\rho}=\xi\otimes^{\overline{\tau}}\chi_{\rho}0, \chi_{\rho}\neq\xi\otimes^{\overline{\tau}}\chi_{\rho}\end{array}$
, $m(\rho, k, \xi)$ .
Theorem 3.1.
$\nu_{\tau^{1}}(\chi_{\rho})=\frac{1}{|G|}\sum_{g\in G}\chi_{\rho}(g\tau(g))\overline{\xi(g)}=\{\begin{array}{ll}1, (rn(\rho, 0, \xi)=1)-1, (m(\rho, 1, \xi)=1)0, (rn(\rho, 0, \xi)=m(\rho, 1, \xi)=0).\end{array}$
Remark 3.2. $\xi$ , [3] , $\tau$
[5] .
4 2:
$\xi$ $\xi(g)=\xi(\tau(g))$ $G$ , $\eta$ $\eta(g, a^{j})=\xi(g)$ ,
$r=2$ .
, $(GlC_{2}, G_{\tau}(2), \xi)$ ( $\xi_{G_{\tau}(2)}^{GlC_{2}}$ ) .
,
.
Theorem 4.1. Conj $G$ $G$ , $IrrG$ $G$ .
$\#\{\chi\in IrrG|\chi=\overline{\tau\chi}\otimes\xi\}=\#\{c\in$ Conj $G|c=\tau_{C^{-1}\}-\#\{C}\in ConjG|c=^{\tau}c^{-1},$ $\xi(c)=-1\}$







, $\xi$ $\tau$- . ( $g^{2}$ $g\tau(g)$
.) $\tau$ ,
$\frac{1}{|G|}\sum_{\chi}\nu_{\tau^{r-1}}^{1}(\chi)\chi(g)$
$x^{r}=g$ $x\in G$ .
? $r=2$ .
$c$ ( ,) $y_{c}$ $y_{c}^{2}\in c$ $g\in c$ $\phi_{\xi}(g)=\xi(y_{c})$






Proposition 5.1. $\tilde{\theta}_{\xi}$ $G$ .
Proof.
$\Theta_{\xi}^{\pm}(x)=\{y\in G|y^{2}=x,\xi(y)=\pm\phi_{\xi}(x)\}$
( ). $y\mapsto gyg^{-1}$ , . $\theta_{\xi}$






$a_{\chi}= \frac{1}{|G|}\sum_{x\in G}\tilde{\theta}_{\xi}(x)\overline{\chi(x)}$ (1)
. ,





, 6 $S_{6}$ . $S_{6}$
$(AutGInnG\cong C_{2})$ , 2 $\psi$ [4] :
, $\phi$ , $\phi((12))=(12)(36)(45),$ $\phi((23))=$ (15)(23) $(46)$ ,
$\phi((34))=(12)(34)(56),$ $\phi((45))=(16)(23)(45),$ $\phi((56))=(12)(35)(46)$ .
, $\gamma$ $\gamma(\sigma)=(12345)\sigma(15432)$ . $\psi=\gamma\circ\phi$ $\psi^{2}=1$
.




$\xi$ $\tau$ , ,
$c^{-1}=c$ Theorern3. 1 11 .
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. $\xi$ $\tau=\psi$ , $\tau$ 6, 42, 321, $2^{2}1^{2},1^{6}$ 5 , , $\tau$
$1^{6},2^{2}1^{2},41^{2},42,51$ 5 .
. $\xi$ $\tau$ , , $\tau$ 321 1 .
even 6 odd 5 .
. $\xi$ $\tau=\psi$ , , $\tau$ $41^{2},321,31^{3}$ 3 .
$\tau$ even 4 $(1^{6},2^{2}1^{2},42,51^{2})$ odd
1{ (41 ) .
62 $\sigma\tau(\sigma)=1$
. $\xi$ , $\tau$ , $\nu_{\tau^{1}}^{\xi}(\chi)\neq 0$
(321) . $x=1$ . $1^{6},21^{4},2^{2}1^{2},2^{3}$
’
,
class order 1, 15, 45, 15 . $c=(1^{6})$ $y_{c}=1$ $\phi_{\xi}(1)=1$ .




. $\xi$ l/’ , $\tau=\psi$ . $\sigma\tau(\sigma)=1$ $\grave|\mathfrak{n}$ , $2^{2}1^{A}$’ 5
42 10 , 51 20 36 . 42, 321, $31^{3}$ 10 $+$ 16 $+$ 10
.
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